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EDGE-PRIMITIVE 3-ARC-TRANSITIVE GRAPHS
MICHAEL GIUDICI AND CARLISLE S.H. KING
Abstract. This paper begins the classification of all edge-primitive 3-arc-transitive graphs
by classifying all such graphs where the automorphism group is an almost simple group
with socle an alternating or sporadic group, and all such graphs where the automorphism
group is an almost simple classical group with a vertex-stabiliser acting faithfully on the
set of neighbours.
Edge-primitive graphs, that is, graphs whose automorphism group acts primitively on
the set of edges, were first studied by Weiss in 1973 [32] who classified all the edge-primitive
graphs of valency three. The study of edge-primitive graphs was reinvigorated in 2010 by
the first author and Li [8] by providing a general structure theorem of such graphs and
classifying all edge-primitive graphs whose automorphism group contains PSL2(q) as a
normal subgroup. This has led to all edge-primitive graphs of valencies 4 [10] and 5 [11]
being classified, and all those of prime valency and having a soluble edge-stabiliser [24].
Moreover, all edge-primitive graphs of prime power order [22] or which are Cayley graphs
on abelian and dihedral groups [23] have been classified.
An s-arc in a graph Γ is an (s + 1)-tuple (v0, v1, . . . , vs) of vertices such that vi ∼ vi+1
but vi 6= vi+2. We say that Γ is s-arc-transitive if the automorphism group of Γ acts
transitively on the set of s-arcs. If all vertices of Γ have valency at least two then an
s-arc-transitive graph is also (s − 1)-arc-transitive. The study of s-arc-transitive graphs
originated in the seminal work of Tutte [30, 31], who showed that a graph of valency
three is at most 5-arc-transitive. This was later extended by Weiss [33] who showed that
a graph of valency at least three is at most 7-arc-transitive. The vertex-primitive 4-arc-
transitive graphs were classified by Li [16] and all edge-primitive 4-arc-transitive graphs
were classified by Li and Zhang [17]. These classifications were enabled by the classification
of all vertex-stabiliser, edge-stabiliser pairs for 4-arc-transitive graphs by Weiss [33]. A key
part of the latter classification is that the edge-stabiliser is always soluble. Han and Lu
[12] have subsequently classified all edge-primitive graphs for almost simple groups with
soluble edge-stabilisers.
Edge-primitive 2-arc-transitive graphs have been investigated by Lu [20] who showed
that if the graph Γ is not complete bipartite then the automorphism group is almost
simple, that is, has a unique minimal normal subgroup T and T is a nonabelian simple
group. He further showed that if Γ is 3-arc-transitive then either the graph has valency
7 and Gv = A7 or S7, or Gv acts unfaithfully on the set Γ(v) of neighbours of v, where
G = Aut(Γ). Note that for an edge-primitive graph, the edge-stabiliser G{u,v} is maximal in
G. Moreover, the arc-stabiliser Gu,v is an index two subgroup of G{u,v} and also contained
in two other subgroups, namely the vertex-stabilisers Gv and Gw. These observations make
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a classification of edge-primitive 3-arc-transitive graphs feasible, whereas it would appear
that we are far from a classification of all vertex-primitive 3-arc-transitive graphs. This
paper is the first in a series aiming to classify all edge-primitive 3-arc-transitive graphs.
We prove the following theorems.
Theorem 1. Let Γ be an edge-primitive 3-arc-transitive graph with G = Aut(Γ) such that
G is an almost simple group whose socle is either an alternating group or a sporadic simple
group. Then Γ = Cos(G,H,HgH) is as in Lemma 1.1, where (G,E,A,H) is listed in
Table 1.
Table 1. Edge-primitive 3-arc-transitive graphs with Γ and G as in Theo-
rem 1.
G E A H S Notes
Aut(A6) [2
5] [24] S4 × S2 S6 Tutte’s 8-cage [30]
M12.2 3
1+2
+ : D8 3
1+2
+ : 2
2 32 : 2S4 M12 Weiss [34]
J3.2 [2
6] : (S3)
2 [26] : ((S3)
2 ∩ A6) [2
4] : (3× A5).2 G Weiss [35]
Ru 51+2+ : [2
5] 51+2+ : [2
4] 52 : GL2(5) G Ru graph [29]
O′N.2 PGL2(9) A6 A7 O
′N Lu [20]
Theorem 2. Let Γ be an edge-primitive 3-arc-transitive graph with G = Aut(Γ) such
that G is an almost simple classical group and for a vertex v, the vertex-stabiliser Gv acts
faithfully on the set of neighbours of v. Then Γ = Cos(G,H,HgH) is as in Lemma 1.1,
where (G,E,A,H) is listed in Table 2.
Remark 1. In Tables 1 and 2 we list a subgroup S 6 G defined as follows. By [8, The-
orem 1], Γ is either vertex-primitive, vertex-biprimitive or a spread of an edge-primitive
graph Γ0 that is vertex-primitive or vertex-biprimitive. In the first two cases H is a max-
imal subgroup of S where either S = G or |G : S| = 2. If Γ is a spread of Γ0 then
Aut(Γ) > Aut(Γ0) and we define S as the vertex-stabiliser of Γ0 so that H ∩Aut(Γ0) 6 S
(there may be more than one such Γ0).
Remark 2. The notation for the classical groups is defined in Section 4, and for the outer
automorphisms δ′, δ, φ and γ we follow the notation of [3]. In Table 2 only the Hoffman-
Singleton graph is vertex-primitive, and we believe that all of the non vertex-primitive
examples are new.
Classical groups with an unfaithful vertex-stabiliser will be dealt with in a subsequent
paper [7].
We briefly outline the structure of the paper. First we list some preliminary results on
edge-primitive graphs and outline our method for proving Theorems 1 and 2. The method
involves considering each family of finite almost simple group G of alternating, sporadic
or classical type and each type of maximal subgroup E 6 G. In Sections 2 and 3 we
consider the case where G is alternating and sporadic respectively. We consider each type
of maximal subgroup of G using the O’Nan-Scott theorem if G is alternating and the Atlas
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Table 2. Edge-primitive 3-arc-transitive graphs with Γ and G as in Theo-
rem 2 and T = soc(G), where δ′, δ, φ and γ follow the notation of [3]
G E A H S Conditions Notes
PSU3(5).〈γ〉 Aut(A6) S6 S7 G Hoffman-Singleton [13]
PSL6(q).〈γ, δ
3〉 Aut(A6) S6 S7 PSU4(3).(2
2)122 q = p ≡ 7, 13 (mod 24)
PSL6(q).〈γ〉 PGL2(9) A6 A7 T q = p ≡ 1, 31 (mod 48)
PSL6(q).〈γδ〉 PGL2(9) A6 A7 T q = p ≡ 7, 25 (mod 48)
PSL6(q).〈φ, γδ
3〉 Aut(A6) S6 S7 T.〈φ〉 q = p
2,
p ≡ 5, 11 (mod 24)
PSL6(q).〈φγ, γδ
3〉 Aut(A6) S6 S7 T.〈φγ〉 q = p
2,
p ≡ 13, 19 (mod 24)
PSU6(q).〈γ, δ
3〉 Aut(A6) S6 S7 PSU4(3).(2
2)122 q = p ≡ 11, 17 (mod 24)
PSU6(q).〈γ〉 PGL2(9) A6 A7 T q = p ≡ 17, 47 (mod 48)
PSU6(q).〈γδ〉 PGL2(9) A6 A7 T q = p ≡ 23, 41 (mod 48)
PΩ−10(7).〈γ, δ
′〉 Aut(A6) S6 S7 M22.2,PSp4(7).2
[5] if G is sporadic. We conclude Section 3 with the proof of Theorem 1. In Section 4 we
consider the case where G is a finite almost simple classical group: we make the additional
assumption that the local action is faithful, and end with the proof of Theorem 2.
We note that our analysis unveils some new edge-primitive 2-arc-transitive graphs: one
with G = S8 (Construction 2.5) and one with G = J1 (see case (8) in the proof of Propo-
sition 3.1).
This research was supported by ARC Discovery Project DP150101066.
1. Preliminaries
We begin by fixing some notation. Throughout, let Γ = (V (Γ), E(Γ)) be a graph with
G 6 Aut(Γ) and e = {u, v} ∈ E(Γ).
For a subgroup M 6 G write M maxG if M is a maximal subgroup. Denote by 1
2
G any
subgroup of G of index 2 if such a subgroups exists, and let 1
2
G = G otherwise. For the
subgroup structures in Table 1 we follow the notation of [5]; in particular, for an integer n
and prime r denote by [n] an arbitrary group and n a cyclic group of order n, and let rn
denote an elementary abelian group of the same order. Moreover, we let r1+2nǫ denote an
extraspecial r-group of order r1+2n of type ǫ = ±.
If G acts primitively on the set of vertices or edges of Γ, we say Γ is G-vertex-primitive or
G-edge-primitive respectively. We call Γ vertex-primitive if Γ is Aut(Γ)-vertex-primitive,
and similarly if Γ is Aut(Γ)-edge-primitive. If Γ is bipartite and G acts transitively on
the set of vertices of Γ then G has a normal subgroup S of index 2 fixing each bipartite
half setwise. We call a transitive group biprimitive if it is imprimitive and if all nontrivial
systems of imprimitivity have precisely two parts. We say that Γ is G-vertex-biprimitive if
G acts biprimitively on the set vertices of Γ; furthermore, we say Γ is vertex-biprimitive if
Γ is Aut(Γ)-vertex-biprimitive. For an integer s, we say Γ is (G, s)-arc-transitive if G acts
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transitively on the set of s-arcs of Γ, and say Γ is s-arc-transitive if Γ is (Aut(Γ), s)-arc-
transitive.
By [8, Lemma 4.1], if Γ is a disconnected edge-primitive graph then either Γ is the union
of isolated vertices and single edges or Γ is the union of isolated vertices and a connected
edge-primitive graph, and so to study edge-primitive graphs it suffices to consider connected
edge-primitive graphs. By [15, Lemma 3.4], a connected edge-primitive graph Γ is either a
star, a cycle, or Γ is arc-transitive. We call a connected edge-primitive graph Γ nontrivial
if Γ is arc-transitive with valency at least 3.
Let G be a group with core-free subgroup H and let g ∈ G such that g2 ∈ H and g
does not normalise H . Then we can construct the coset graph Γ = Cos(G,H,HgH) whose
vertices are the right cosets of H in G and Hx ∼ Hy if and only if xy−1 ∈ HgH . Then G
acts faithfully as an arc-transitive group of automorphisms of Γ. Indeed all arc-transitive
graphs arise in this manner and we have the following characterisation of edge-primitive
graphs.
Lemma 1.1. [8, Proposition 2.5] Let G be a group with a maximal subgroup E. Then there
exists a G-edge-primitive, G-arc-transitive graph Γ with edge-stabiliser E if and only if E
has a subgroup A of index two, and G has a corefree subgroup H such that A < H 6= E; in
this case Γ ∼= Cos(G,H,HgH) for some g ∈ E\A.
The following result reduces the study of edge-primitive graphs with G,E and H as above
to Aut(G)-conjugacy classes of E and H . The proof is straightforward and so is omitted.
Lemma 1.2. Let G,E,A and H be as in Lemma 1.1, and let g, g1 ∈ E\A and φ ∈
Aut(G). If Γ = Cos(G,H,HgH) and Γ1 = Cos(G,H,Hg1H) then Γ = Γ1. Moreover, if
E1 = E
φ, A1 = A
φ, g2 ∈ E1\A1, H1 = H
φ and Γ2 = Cos(G,H1, H1g2H1) then Γ ∼= Γ2.
Let Γ be a graph with G 6 Aut(Γ) acting transitively on the set of arcs of Γ. Then
G acts transitively on the set of 2-arcs of Γ if and only if G
Γ(v)
v , the permutation group
induced by Gv on Γ(v), is 2-transitive (see [27, Lemma 9.4]). This gives an easy test to see
if an edge-primitive graph is 2-arc-transitive.
For an almost simple group G acting edge-primitively on a graph Γ, the next lemma
allows us to consider the action of the subgroups soc(G) 6 G1 6 G on edges. The special
case G1 = soc(G) = PSL2(q) is proved in [8, Lemma 8.3], and the proof in the general case
is very similar.
Lemma 1.3. Let G be an almost simple group and let Γ be a G-edge primitive, G-arc-
transitive graph with edge-stabiliserGemaxG. If soc(G) 6 G1 6 G such that (Ge ∩G1)maxG1,
then G1 is edge-primitive and arc-transitive.
We now begin to consider the types of maximal subgroups E of G that yield edge-
primitive graphs Γ as in Lemma 1.1. The following results allow us to eliminate certain
families of maximal subgroups. The first is essentially proved in [9, Lemma 2.14], and we
omit the proof.
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Lemma 1.4. Let Γ be a connected G-arc-transitive graph, and let {u, v} ∈ E(Γ) with
g ∈ G such that vg = u. Then any nontrivial normal subgroup of Gv is not normalized by
g.
Lemma 1.5. Let Γ be a nontrivial connected G-edge-primitive graph and e = {u, v} ∈
E(Γ). Assume Gv acts unfaithfully on Γ(v), and let N⊳Ge be a nonabelian normal subgroup
such that Ge/N is soluble and N is a minimal normal subgroup of Guv. Then CGe(N) is
noncyclic.
Proof. Suppose for a contradiction that CGe(N) is cyclic. Let K ⊳ Gv be the kernel of the
action of Gv on Γ(v), so that K ⊳Guv 6 Ge. As N is a direct product of nonabelian simple
groups and Ge/N is soluble, we have N = G
(∞)
e = G
(∞)
uv . As K ∩N 6 N and K ∩N ⊳Guv,
either N 6 K or K ∩ N = 1. In the first case, this implies G
(∞)
e 6 K 6 Ge, and so
K(∞) = G
(∞)
e ⊳ Ge and K
(∞) charK ⊳ Gv, contradicting Lemma 1.4. In the second case
this implies K 6 CGe(N), and since CGe(N) is cyclic we have K charCGe(N) ⊳ Ge, again
contradicting Lemma 1.4. 
Using Lemma 1.5, we obtain the following useful result.
Lemma 1.6. Let Γ be a nontrivial connected G-edge-primitive graph and e = {u, v} ∈
E(Γ). If Gv acts unfaithfully on Γ(v), then neither Gv nor Ge is almost simple.
Proof. Let K ⊳Gv be the kernel of the action of Gv on Γ(v) so that K ⊳Guv, and suppose
for a contradiction that Gv is an almost simple group. Since K ⊳Gv we have K > soc(Gv).
As K ⊳ Guv < Gv, Guv is also an almost simple group with soc(Guv) = soc(Gv). Now
soc(Guv) = soc(Gv) char Guv ⊳ Ge, and so soc(Gv) is normalized by both Gv and Ge,
contradicting Lemma 1.4.
Next suppose that Ge is an almost simple group. Then Guv is also an almost simple
group with soc(Guv) = soc(Ge), and N = soc(Guv) satisfies the hypotheses of Lemma 1.5
by the Schreier conjecture. However, CGe(N) = 1, a contradiction. 
The next result is [20, Lemma 4.1].
Lemma 1.7. [20] Let Γ be a connected d-regular graph for d > 3, e = {u, v} ∈ E(Γ) and
G 6 Aut(Γ). If Γ is (G, 2)-arc-transitive and Gv is faithful on Γ(v), then Γ is (G, 3)-arc-
transitive if and only if d = 7, soc(Gv) = A7 and Ge 6= S6, i.e. Ge = PGL2(9),M10 or
Aut(A6).
Combining Lemmas 1.6 and 1.7 provides a useful corollary:
Corollary 1.8. Let Γ be a nontrivial connected G-edge-primitive graph with e = {u, v} ∈
E(Γ), and suppose that Γ is (G, 3)-arc-transitive. If Ge or Gv is an almost simple group,
then soc(Ge) = A6, Ge 6= A6 or S6, soc(Gv) = A7 and |Gv : Guv| = 7.
Proof. If the local action is unfaithful, then neither Ge nor Gv is almost simple by Lemma
1.6. If the local action is faithful, then the result follows from Lemma 1.7. 
We present one final lemma which will prove useful in ruling out certain possibilities for
Gv.
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Lemma 1.9. Let Γ be a nontrivial connected G-edge-primitive graph and e = {u, v} ∈
E(Γ). Then |Gv| > |Ge|.
Proof. This is immediate from the fact that Γ is nontrivial, as this implies the valency of
Γ is |Gv : Guv| > 3. 
We now outline our method of proving Theorems 1 and 2. Let Γ and G be as in
either theorem. By Lemmas 1.1 and 1.2, to classify such graphs it suffices to classify
subgroup lattices L = (G,E,A,H) up to Aut(G)-conjugation, where EmaxG, A < E
with |E : A| = 2 and A < H < G with T = soc(G) ≮ H . Moreover, by Corollary 1.8, if
either E or H is almost simple then both are with soc(E) = A6, soc(H) = A7, |H : A| = 7
and E 6= A6 or S6. For each such lattice L, we consider the coset graph Γ obtained from L.
Clearly G 6 Aut(Γ), and so to determine if G is the full automorphism group it suffices to
check [18] (which lists containments of primitive groups). If indeed G = Aut(Γ), we then
check if Γ is 3-arc-transitive: if either E or H is almost simple then both must be as in
Lemma 1.7, and if this is the case then Γ is indeed 3-arc-transitive; if neither E nor H is
almost simple, then we investigate the graph further. In most cases we can rule out the
lattice L by proving that the local action of Γ cannot be 2-transitive (this is equivalent to
showing that the action of H on the set of right cosets of A is not 2-transitive), and so Γ
is not 2-arc-transitive.
2. Alternating groups
In this section, we consider the case where G is almost simple with soc(G) = An for
n > 5. Throughout we let Γ = (V (Γ), E(Γ)) be a nontrivial connected edge-primitive
graph with G = Aut(Γ), e = {u, v} ∈ E(Γ), vertex-stabiliser Gv and edge-stabiliser Ge so
that GemaxG and Guv = Gv ∩Ge is a subgroup of Ge of index 2.
The main result of this section is the following:
Proposition 2.1. Let Γ be a nontrivial connected edge-primitive 3-arc-transitive graph
with G = Aut(Γ) and soc(G) = An for some n > 5. Then Γ is isomorphic to Tutte’s
8-cage (described in Construction 2.2 below) and G = Aut(A6).
Construction 2.2 (Tutte’s 8-cage). Let G = Aut(A6). We define a coset graph
Γ0 = Cos(G,H,HgH) as in Lemma 1.1 where G,E,A and H are as in Line 10 of Ta-
ble 3 and g ∈ E\A. We note that Γ0 is defined in [17, Line 1, Table 2], and from here we
see that Γ0 is 5-arc-transitive.
To prove Proposition 2.1 we follow the method outlined at the end of Section 1. We
proceed by considering each type of maximal subgroup E of G. First assume n 6= 6. By
the O’Nan Scott theorem, E is either intransitive, imprimitive or primitive in its natural
action, and if E is primitive then it is either of affine, diagonal, product or almost simple
type (see for example [18]). The case where E is intransitive or imprimitive is dealt with in
Section 2.2, and the remaining cases are considered in Section 2.3. The case where n = 6 is
different due to an exceptional outer automorphism, and we consider this case separately
in Section 2.1.
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2.1. The case soc(G) = A6. Using MAGMA, in Table 3 we list all quadruples (G,E,A,H)
(up to Aut(G)-conjugacy) such thatG is almost simple with soc(G) = A6, A < EmaxG, |E :
A| = 2 and A 6 H where soc(G) ≮ H . In all cases we find that either HmaxG or
Hmax 1
2
G; we list the group S such that HmaxS.
Table 3. Possible subgroup lattices for soc(G) = A6
G E A H S Notes
A6 S4 A4 A5 G
S6 S4 × S2 S4 S5 G
M10 5 : 4 5 : 2 A5 A6
8 : 2 D8 S4 A6
8 : 2 Q8 3
2 : Q8 G
PGL2(9) D20 D10 A5 A6
D16 D8 S4 A6
D16 8 3
2 : 8 G
Aut(A6) 10 : 4 AGL1(5) S5 S6
[25] [24] S4 × S2 S6 Tutte’s 8-cage [30]
[25] [24] 32 : [24] G
Lemma 2.3. Let Γ be a nontrivial connected edge-primitive graph such that G = Aut(Γ)
is an almost simple group with soc(G) = A6. Then Γ is isomorphic to either K6 or Tutte’s
8-cage. In particular, if Γ is also 3-arc-transitive, then Γ is isomorphic to Tutte’s 8-cage.
Proof. We have that (G,E,A,H) is isomorphic to a quadruple from Table 3, and from
such a quadruple we can recover Γ by Lemma 1.1. If L is as in Line 1 or 2 then G is
2-transitive on the set of right cosets of H , and so Γ = K6. Similarly, if L is as in Line
5, 8 or 11 then Γ ∼= K10. However, in this case Aut(Γ) = S10. In lines 3, 6, and 9, Γ is
bipartite with bipartition stabiliser 1
2
G isomorphic to A6 or S6. Moreover, if {∆1,∆2} is
the bipartition and H is the stabiliser of a vertex in ∆1 then H is transitive on ∆2. Thus
Γ ∼= K6,6. However, in this case Aut(Γ) = S6 ≀ S2.
For the remaining lines 4, 7 and 10 of Table 3 we use MAGMA to construct these
graphs (using the CosetGeometry and Graph commands) and show that these graphs are
isomorphic to Tutte’s 8-cage as in Construction 2.2 above. This completes the proof. 
2.2. Intransitive and imprimitive subgroups. Let Γ and G be as at the beginning of
Section 2. By Section 2.1, we assume n 6= 6 for the remainder of this section. As outlined
at the beginning of Section 2, it suffices to consider all possible lattices L = (G,E,A,H)
as in Lemma 1.1. We begin by considering the case where E is an intransitive subgroup.
Lemma 2.4. Let Γ be a nontrivial connected edge-primitive graph such that G = Aut(Γ)
is an almost simple group with soc(G) = An, n 6= 6 and edge-stabiliser EmaxG. Suppose
E is intransitive, so that E = (Sk × Sn−k) ∩G. Then k = 2, H ∼= Sk−1 ∩G and Γ ∼= Kn.
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Proof. If n = 5, then the result follows using MAGMA. We may therefore assume n > 7.
We have E = (Sk × Sn−k) ∩ G for some 1 6 k <
n
2
. Without loss, we may assume
E preserves the partition {1, . . . , k} ∪ {k + 1, . . . , n}. Therefore A > Ak × An−k (where
we define A1 = A2 = 1). Hence A contains a 3-cycle fixing at least 4 points, and so by
a theorem of Jordan (see [6, Theorem 3.3E]) H is not primitive. Therefore H is either
intransitive or imprimitive.
First suppose that H is imprimitive, so that H 6 Sa ≀ Sb for some 1 < a, b 6
n
2
such
that n = ab. Observe that A is (n − k − 2)-transitive on {k + 1, . . . , n}. In particular, A
is primitive on {k + 1, . . . , n}, and so either a > n− k or b > n− k, a contradiction.
We therefore have H intransitive. If k 6= 2 then A is transitive on {1, . . . , k} and {k +
1, . . . , n}, and so H 6 E, contradicting Lemma 1.9. Therefore k = 2 and A is intransitive
on {1, 2}. As A{3,...,n} = Sn−2 ∩ G and |H| > |E| we must have H = (S1 × Sn−1) ∩ G.
Since G is 2-transitive on the set of right cosets of H this implies Γ ∼= Kn, completing the
proof. 
We now consider the case where E is an imprimitive subgroup. We first give an example
of such a graph.
Construction 2.5. Let G = S8 and EmaxG be an imprimitive subgroup of the form
E = S2 ≀S4. Let A = E∩A8. Then |E : A| = 2 and A < H < A8 where H ∼= AGL3(2), and
so (G,E,A,H) is a quadruple as in Lemma 1.1. We therefore have a nontrivial connected
G-edge-primitive arc-transitive graph Γ1 = Cos(G,H,HgH) for some g ∈ E\A. We see
that Γ1 is a bipartite graph of order 30 and valency 7 with a 2-transitive local action, and
so Γ1 is 2-arc-transitive. However, using MAGMA we find that Γ1 has girth equal to 4 and
so Γ1 is not 3-arc-transitive.
Lemma 2.6. Let Γ be a nontrivial connected edge-primitive graph such that G = Aut(Γ)
is an almost simple group with soc(G) = An, n 6= 6 and edge-stabiliser EmaxG. Suppose
E is imprimitive, so that E = (Sm ≀ Sk) ∩ G. Then n = 8, m = 2 and Γ ∼= Γ1 as in
Construction 2.5.
Proof. Let E = (Sm ≀ Sk) ∩ G, where 1 < k,m 6
n
2
and n = mk. Without loss of
generality, we may assume that E preserves blocks of imprimitivity of the form Bi =
{(i− 1)m+ 1, . . . , im} for 1 6 i 6 k. Let B =
(
Skm
)
∩ G < E be the base of the wreath
product. As neither Akm nor Ak contains a subgroup of index 2, A > Am ≀ Ak.
First supposem > 2. As A is transitive on {1, . . . , n}, so is H . Suppose H is imprimitive,
preserving a system of imprimitivity with blocks Cj for 1 6 j 6 ℓ. Then B ∩ A preserves
the partition Bi =
⋃
16j6ℓ (Bi ∩ Cj) for all 1 6 i 6 k. But as B ∩A > A
k
m acts primitively
on Bi we must have Bi ∩ Cj = Bi or φ for all 1 6 i 6 k, or |Bi ∩ Cj | = 1 or 0 for all
1 6 i 6 k. In the first case, since Ak acts primitively on the set of blocks {Bi} we have
H = E, contradicting Lemma 1.9. In the second case, if Bi1 ∩Cj 6= φ and Bi2 ∩Cj 6= φ for
some i1, i2 and j, then B contains elements acting transitively on Bi1 whilst fixing Bi2∩Cj ,
implying Bi1 ⊆ Cj , a contradiction. Therefore for each 1 6 j 6 ℓ, Bi ∩Cj 6= φ for exactly
one value of i. But this implies that |Cj | = 1, a contradiction. Therefore H is primitive.
But A contains a 3-cycle fixing at least 3 points, contradicting [6, Theorem 3.3E].
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We must therefore have m = 2, and so k > 4. Observe that A > Ak, and so A is
transitive on the set of blocks Bi for 1 6 i 6 k; in particular, (B ∩ A)
Bi ∼= (B ∩ A)
Bj for
all i and j, and so we must have (B ∩A)Bi ∼= S2 (otherwise |E : A| > 2
k−1). Hence A,
and therefore H , is transitive on {1, . . . , n}. As before, H is not imprimitive, and so H is
primitive. Observe that E contains the elements (1 2)(3 4), (1 2)(5 6) and (3 4)(5 6), and
so A contains at least one of these elements since |E : A| = 2. By [25, Lemma 1.2], we
must therefore have n = 8 and H = AGL3(2). As EmaxG, we must have G = S8 by [18].
As A = E ∩H , we now have (G,E,A,H) as in Γ1 above, and so Γ ∼= Γ1. This completes
the proof. 
2.3. Primitive subgroups. Recall the definitions of Γ and G from the beginning of the
section. We can assume n 6= 6 by Section 2.1. We now consider the case where E is
primitive. By the O’Nan-Scott theorem, E is of affine, diagonal, product or almost simple
type. We consider each type of primitive group, starting with the affine case.
Lemma 2.7. Let Γ be a nontrivial connected edge-primitive 3-arc-transitive graph such
that G = Aut(Γ) is an almost simple group with soc(G) = An, n 6= 6 and edge-stabiliser
EmaxG. Then E is not of affine type.
Proof. Suppose otherwise for a contradiction, and let E = AGLd(p)∩G where n = p
d. Let
N = soc(E) ∼= pd. As N is the unique minimal normal subgroup of E, we have N 6 A.
Therefore A contains N⋊SLd(p); in particular, A is 2-transitive if d > 1 and A is primitive
in all cases. By [26], one of the following holds:
(1) H 6 AGLd(p) (a natural inclusion);
(2) H 6 Sn0 ≀ Sm for some n0 = p
e such that n = nm0 in product action (a blow-up of
an exceptional inclusion);
(3) (A,H) is listed in [26, Table 2] (an exceptional inclusion).
In the first case we have |H| 6 |E|, contradicting Lemma 1.9, and the second case is
not possible as either A is 2-transitive or n is a prime. Therefore H lies in [26, Table 2].
However, this implies that H is an almost simple group not isomorphic to A7 or S7, con-
tradicting Corollary 1.8. 
Next we consider the case where E is of product type. We first require a preliminary
result.
Lemma 2.8. Let G be an almost simple group with soc(G) = An and n = m
2 for some
m > 5, and let M maxG be of product type with M = (Sm ≀ S2) ∩ G. If Y =
1
2
M is
imprimitive and Y 6 X 6 G, then either X = M , X is primitive of almost simple type,
or X belongs to one of two chains
Y maxN maxLmaxG if m is odd,
Y maxN maxSmaxLmaxG if m is even,
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where L = (Sm ≀ Sm) ∩ G is an imprimitive subgroup, S 6 L is defined as the subgroup
containing all elements of the form
(g1, . . . , gm)h ∈ L : (g1, . . . , gm) ∈ S
m
m, h ∈ Sm,
∑
16i6m
sgn(gi) ≡ 0 (mod 2),
and N 6 L is defined as the subgroup containing all elements of the form
(g1, . . . , gm)h ∈ L : (g1, . . . , gm) ∈ S
m
m, h ∈ Sm, sgn(gi) = sgn(gj) for all 1 6 i, j 6 m.
Proof. Suppose Y 6 X 6 G. Since |M : Y | = 2, the group Y , and therefore X , acts
transitively on {1, . . . , n}. As Y is imprimitive, the projection of Y onto S2 is trivial, and
so Y = (Sm × Sm)∩G. Therefore Y preserves two systems of imprimitivity {B
1
i } and {B
2
i }
interchanged by M\Y , each with m blocks Bsi of size m for 1 6 i 6 m and 1 6 s 6 2, and
so Y is contained in two imprimitive maximal subgroups of the form L = (Sm ≀ Sm) ∩ G.
Note that one factor of Sm × Sm occurs as a diagonal subgroup of the base group S
m
m, and
the other permutes the factors. Observe that the suborbits of Y have lengths 1, m − 1
(occurs twice) and (m− 1)2, and that the two suborbits of length m− 1 correspond to the
two systems of imprimitivity.
As Y ∩ Smm is a diagonal subgroup, Y is contained in N , and since m > 5 and Y acts
primitively on the m direct factors of Smm it is elementary to show that Y is in fact maximal
in N . Also, T = Am ≀ Sm 6 N 6 L, and subgroups of L containing T correspond to
subgroups of Smm/A
m
m
∼= Cm2 normalized by Sm, and these correspond to submodules of the
permutation module Fm2 of Sm. The only nonzero proper submodules of F
m
2 are the constant
module (corresponding to N) and the deleted permutation module (corresponding to S),
and N 6 S if and only if m is even. Therefore N maxL if m is odd and N maxSmaxL if
m is even. Moreover, Y < S if and only if m is even. Finally LmaxG by [18], and so Y is
indeed contained in the two maximal chains stated. It remains to prove that, other than
M and almost simple primitive groups, there are no other overgroups of Y .
First consider the case where X acts imprimitively on {1, . . . , n}, and assume that X
preserves a system of imprimitivity with blocks Cj for 1 6 j 6 ℓ. Fix one of the two
systems of imprimitivity {Bi} = {B
s
i } described above. Arguing in an identical manner
to the proof of Lemma 2.6, we find that one of the following holds:
(1) |Bi ∩ Cj| = 0 or m for all 1 6 i 6 m and all 1 6 j 6 ℓ;
(2) |Bi ∩ Cj| = 0 or 1 for all 1 6 i 6 m and all 1 6 j 6 ℓ.
In case (1), since Y acts primitively on the set of blocks {Bi}, for each 1 6 i 6 m we
have Bi = Cj for some j, and so X = M . Now suppose (2) holds. Note that this implies
m 6 ℓ, since Bi =
⋃
16j6ℓ (Bi ∩ Cj). Let α1 ∈ Bi1 ∩ Cj and α2 ∈ Bi2 ∩ Cj . Recall that
the suborbits of Y have length 1, m− 1 (2) and (m− 1)2. If α2 belongs to the suborbit of
length (m−1)2 then this implies |Cj | > (m−1)
2, a contradiction since (m−1)2 > 1
2
m2 for
m > 5. Therefore α2 belongs to one of the two suborbits of length m−1, and so |Cj| > m.
Since m 6 ℓ we have m = ℓ = |Cj |, and this implies that the system of imprimitivity {Cj}
is either equal to {Bi} or is the system obtained from {Bi} by an element of M\Y . As we
are assuming (2) the second case holds, and this completes the proof that the only systems
of imprimitivity preserved by Y are {B1i } and {B
2
i }.
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We now consider the case where X acts primitively on {1, . . . , n}. Assume for the
moment that X maxG, so that X is of affine, diagonal, product or almost simple type.
First suppose that X is affine, so that n = pd for some prime p and X = AGLd(p) ∩ G.
Let α ∈ {1, . . . , n} so that S2m−1 ∩ Y
∼= Yα 6 GLd(p). Let β ∈ {1, . . . , n} be contained
in an orbit of Yα of size m − 1. Then Yαβ has orbits of size 1 (2), m − 2, m − 1 (2) and
(m − 1)(m − 2). However, if β corresponds to a non-zero vector vβ ∈ Vd(p), the natural
module of GLd(p), then GLd(p)β has p orbits of size 1, namely {λvβ} for λ ∈ Fp. This
implies p = 2. Now choose γ from the same suborbit as β. Then Yαβγ has orbits of length 1
(3), m−3, m−1 (3) and (m−1)(m−3). However, if γ corresponds to vγ ∈ Vd(p), GLd(p)βγ
fixes the 4 points 0 = vα, vβ, vγ and vβ + vγ, and this yields a contradiction. Hence X is
not of affine type.
Suppose now that X is of diagonal type, so that X =
(
T k. (Out(T )× Sk)
)
∩G for some
nonabelian simple group T and k > 2 with n = |T |k−1. Note that in this case we have
m > 9, as otherwise this forces n = |A5| = 60 which is not square. Observe that Y > A
2
m,
and so Y contains a 3-cycle in one of the factors which permutes exactly 3m points. By [19,
Theorem 2], the minimal degree of X (that is, the smallest number of points moved by any
nontrivial element of X) is µ(X) > 1
3
n. However, this is a contradiction since 3m < 1
3
n.
Hence X is not of diagonal type.
We now suppose that X is of product type, with X = (Sℓ ≀ Sk) ∩G for ℓ > 5, k > 2 and
n = ℓk. Now X has suborbits of lengths 1 and (ℓ − 1)k, and so the remaining suborbits
have lengths at most ℓk − (ℓ− 1)k − 1. Recall that Y has suborbits of lengths 1, m− 1 (2)
and (m− 1)2. This forces k = 2, as otherwise (m− 1)2 > 1, (ℓ− 1)k and ℓk − (ℓ− 1)k − 1.
Hence X is of the same type as M , and we have X = NG(Y ) =M .
We have therefore shown that if Y is contained in any primitive group X , then either
X is of almost simple type or X =M . This completes the proof. 
Lemma 2.9. Let Γ be a nontrivial connected edge-primitive 3-arc-transitive graph such
that G = Aut(Γ) is an almost simple group with soc(G) = An, n 6= 6 and edge-stabiliser
EmaxG. Then E is not of product type.
Proof. Let E be of product type, so that E = (Sm ≀ Sk) ∩G where n = m
k for m > 5 and
k > 2. Then A > Am ≀ Ak, and so either A is primitive of product type or k = 2. First
suppose that A is primitive. With the terminology of [26], one of the following holds:
(1) H 6 Sm ≀ Sk (a natural inclusion);
(2) m = 8 and A 6 PSL2(7) ≀ Sk (an exceptional inclusion as listed in [26, Table 1]);
(3) m = 8ℓ for some ℓ > 1 and A 6 (PSL2(7) ≀ Sℓ) ≀ Sk (a blow-up of an exceptional
inclusion).
As H is not contained in E by Lemma 1.9, the first case does not hold. However, it is clear
that the second and third cases also cannot hold as Am ≀Ak 6 A, a contradiction.
Therefore A is not primitive, and so we must have that k = 2 and A projects trivially
onto S2. Thus A is as in Lemma 2.8. Since H ≮ E and H is not almost simple by Lemma
1.6 (as |A| > |S6|), H is imprimitive and belongs to one of the two chains described in
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the lemma. However, the action of H on the set of cosets of A is not 2-transitive, a
contradiction. Hence E is not of product type. 
Lemma 2.10. Let Γ be a nontrivial connected edge-primitive graph such that G = Aut(Γ)
is an almost simple group with soc(G) = An, n 6= 6 and edge-stabiliser EmaxG. Then E
is not of diagonal type.
Proof. Let E be of diagonal type with E =
(
T k.(Out(T )× Sk)
)
∩G for a nonabelian simple
group T such that k > 2 and n = |T |k−1. Then A > T k, and the image of A under the
projection E → Sk contains Ak. Hence A is also a primitive group of diagonal type. By
[26], H is contained in NG(T
k) = E, contradicting Lemma 1.9. Hence E is not of diagonal
type. 
We now consider the case where E is almost simple. We require the following lemma:
Lemma 2.11. Let G be an almost simple group with soc(G) = An for n > 5, and suppose
G has subgroups M and N satisfying the following:
(1) M and N are both almost simple, with soc(M) = A7 and soc(N) = A6;
(2) soc(G) ≮ M ;
(3) N maxG;
(4) soc(N) 6M .
Then G = A8,M ∼= A7 and N ∼= S6.
Proof. First suppose n > 10. We consider G as a permutation group on n letters in the
natural way. If N is an intransitive subgroup, then for some m and k such that n = m+ k
we have (Sm × Sk) ∩ An 6 N , a contradiction since
1
2
|Sm × Sk| > |Aut(A6)| for n > 10.
If N acts imprimitively, then for some m, k such that n = mk we have (Smk ) ∩ An ⊳ N , a
contradiction. Therefore N acts primitively, and so soc(N) is transitive. Suppose for the
moment that M , and therefore soc(N), acts imprimitively. Using MAGMA, we find that
this is only possible if N 6= S6 and n = 36 or 45; however, M has no transitive action on n
points, a contradiction. Therefore M also acts primitively. The only possible degree of a
primitive action for bothM and N is 15 (this can easily be seen using MAGMA). However,
neither S15 nor A15 contains S7 or A7 as a maximal subgroup.
Therefore n < 10. Clearly n > 8, and the result follows using MAGMA. 
Corollary 2.12. Let Γ be a nontrivial connected edge-primitive 3-arc-transitive graph with
soc(G) = An. Then E is not an almost simple primitive group.
Proof. Suppose E is an almost simple group. Then by Corollary 1.8, soc(E) = A6 and
H is also an almost simple group with soc(H) = A7. Therefore G,E and H satisfy the
hypothesis of Lemma 2.11. However, this implies E = S6, contradicting Corollary 1.8. 
2.4. Proof of Proposition 2.1.
Proof of Proposition 2.1. If n = 6 then the result follows from Lemma 2.3. We may there-
fore assume n 6= 6. We follow the method outlined at the end of Section 1 and classify
lattices L = (G,E,A,H). By the O’Nan Scott theorem, EmaxG is either intransitive,
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imprimitive or primitive, and if E is primitive then E is of affine, diagonal, product or
almost simple type. Each of these types is considered in Lemmas 2.4 to 2.10 and Corollary
2.12, and the result follows as Kn is not 3-arc-transitive. 
3. Sporadic groups
In this section, we consider the case where G is an almost simple sporadic group and
complete the proof of Theorem 1. As usual we let Γ = (V (Γ), E(Γ)) be a nontrivial
connected edge-primitive graph with G = Aut(Γ), e = {u, v} ∈ E(Γ), vertex-stabiliser Gv
and edge-stabiliser Ge so that GemaxG and Guv = Gv ∩Ge is a subgroup of Ge of index
2.
The main result of this section is the following:
Proposition 3.1. Let Γ be a nontrivial connected edge-primitive 3-arc-transitive graph
with G = Aut(Γ) an almost simple sporadic group. Then Γ = Cos(G,H,HgH) where
g ∈ E\A and (G,E,A,H) are listed in Table 4 below.
Remark 3. In Table 4 we record the group S 6 G where HmaxS and either S = G or
|G : S| = 2. We note that the first three graphs in Table 4 are in fact 4-arc-transitive and
listed in [17, Table 2]. The fourth graph is [20, Example 4.2].
Table 4. Edge-primitive 3-arc-transitive graphs with Γ and G as in Propo-
sition 3.1
G E A H S Notes
M12.2 3
1+2
+ : D8 3
1+2
+ : 2
2 32 : 2S4 M12 Weiss [34]
J3.2 [2
6] : (S3)
2 [26] : ((S3)
2 ∩ A6) [2
4] : (3×A5).2 G Weiss [35]
Ru 51+2+ : [2
5] 51+2+ : [2
4] 52 : GL2(5) G Ru graph [29]
O′N.2 PGL2(9) A6 A7 O
′N Lu [20]
Proof of Proposition 3.1. We follow the method outlined at the end of Section 1 and classify
lattices L = (G,E,A,H) up to Aut(G)-conjugation. Let G be an almost simple sporadic
group with socle T , and suppose G contains subgroups E,A and H as in Lemma 1.1.
Information on the maximal subgroups of G can almost always be found in the Atlas [5],
and a more complete list can be found in the survey article [36]. All maximal subgroups
of G are known except if G = M is the Monster group; however, by [36] the remaining
possibilities for maximal subgroups E of G are all almost simple with soc(E) = PSL2(13)
or PSL2(16), and so by Corollary 1.8 these cannot be edge-stabilisers of an edge-primitive
3-arc-transitive graph. Moreover, the order of a subgroup of index 2 of a maximal subgroup
EmaxM does not divide the order of an almost simple group with one of these socles, and
so the vertex-stabiliser H of an edge-primitive graph with automorphism group M and
edge-stabiliser E cannot be contained in any of these unknown maximal subgroups.
We now outline our method for finding lattices L.
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(1) Using [36], for each Aut(T )-class representative E of maximal subgroups of G we
list the pairs of subgroups (E,M) of G such thatM maxG orM max 1
2
G and |M | is
divisible by |E|/2. (It is perhaps interesting to note that all almost simple sporadic
groups contain at least one such pair). We suppose that H 6M .
(2) If E does not contain a subgroup of index 2 then E does not occur in a lattice as
above, and we remove the pairs containing E.
(3) If E is almost simple, then we must have E and H as in Corollary 1.8 with H 6M
for some M . If this is the case, and E contains a subgroup of index 2 contained
in H , then Γ is indeed 3-arc-transitive by Lemma 1.7 and we list L = (G,E,A,H)
in Table 4 (this yields the fourth row of Table 4). Otherwise this does not yield a
lattice, and we remove (E,M).
(4) For each (E,M) we consider the simple sections of M . Suppose Q ⊳ R 6 M with
X = R/Q a simple group. For each subgroup of index 2 A < E, if A 6 M then
we have (A ∩ R) / (A ∩Q) ∼= (A ∩ R)Q/Q 6 X . Using MAGMA, [5] and [36] (and
possibly [21] and [37]), in most cases we find that there exists a simple section
X of M such that X contains no subgroup of the form (A ∩R) / (A ∩Q) for all
subgroups of index 2 A < E. If this is the case, we remove the pair (E,M) from
our list.
(5) For each remaining pair (E,M) we list the pairs of subgroups (E,H) where H 6M
is a subgroup that possibly contains A. We repeat steps (3) and (4) for H : if H is
almost simple then we must have E and H as in Corollary 1.8, and we also consider
the simple sections ofH . If (E,H) fails either of these steps then we remove (E,H).
(6) We now suppose that each remaining pair (E,H) gives rise to a lattice L =
(G,E,A,H) as above. We consider the action of H on the set of right cosets
of A. If Γ is 2-arc-transitive then this action is 2-transitive. Therefore, using [4,
Tables 7.3, 7.4], if it is not possible for H to have a 2-transitive action on the set
of right cosets of A then we remove the pair (E,H). It is useful to note that if
d = |H : A| and H acts 2-transitively on the set of right cosets of A, then d(d− 1)
divides |H|. This fact can often be used to rule out certain pairs (E,H).
(7) In a number of remaining cases (E,H) the valency equals 4, and we check the
classification of tetravalent edge-primitive 2-arc-transitive graphs given in [10] to
see if such a lattice exists.
(8) This leaves the lattices listed in [17, Table 2] (which we add to our table) and one
other possible lattice L = (J1, 7 : 6, 7 : 3, 2
3 : 7 : 3). Using MAGMA, we find that
L does indeed exist and gives rise to an edge-primitive 2-arc-transitive graph Γ.
However, in this case Γ is not 3-arc-transitive, as the valency is |H : A| = 8 and
the stabiliser of a 2-arc has order 3. This completes Table 4.
We note that if G is sufficiently small then all lattices L of the above form can be
completely determined using MAGMA, and in general this is much faster than using the
method outlined above.
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As an example, we show that G = Co1 is not the automorphism group of an edge-
primitive 3-arc-transitive graph using the method above (note that generators of all max-
imal subgroups of G are not known, and so in this case we cannot simply use MAGMA to
determine all lattices). By [36], there are 22 classes of maximal subgroups of G. For ease
of notation, we refer to a class of maximal subgroups, or a representative of a class, by its
number using the ordering given in [36].
(1) The orders of the maximal subgroups are listed in [5] (note the corrections given in
[36]). We find that there are 33 pairs (E,M) where EmaxG,M maxG and |E|/2
divides |M |.
(2) Without knowing further information on the structure of the maximal subgroups,
we cannot rule out any of our pairs by (2).
(3) We cannot rule out any pairs by (3), as E is not equal to group number 1, 4 or 6.
(4) For each (E,M) we consider the simple sections of M . For example, consider the
pair (7,2). Here E = (A4 ×G2(4)) : 2 and M = 3.Suz : 2, and so A = A4 ×G2(4).
Let Q = 3 ⊳ R = 3.Suz 6 M and X = R/Q ∼= Suz. Then A ∩ R = A, and
since A has no normal subgroup of order 3 we have A ∩ Q = 1 and so | (A ∩R) :
(A ∩Q) | = 214.34.52.7.13. However, this yields a contradiction using [5], as no
maximal subgroup of X has order divisible by 214.34.52.7.13. We therefore remove
the pair (7,2). Using similar reasoning, we remove all but one pair.
(5) We are left to consider the pair (18,12), where E ∼= (D10 × (A5 ×A5) .2) .2 and
M ∼= (A5 × J2) : 2. Suppose H 6 M . Let Q = A5 and R = A5 × J2 6 M so
that Q ⊳ R and X = R/Q = J2. Then Y = (A ∩ R) / (A ∩Q) satisfies 2
3.3.52 6
|Y | 6 |A|. From [5] we must have |Y | = 23.3.52 and Y maxX , and so either
(H ∩ R) / (H ∩Q) = Y or (H ∩ R) / (H ∩Q) = X . The first case implies H = A,
a contradiction. The second case implies that H = M , and so this is the only
possibility for the case (18,12).
(6) We now suppose (E,H) gives rise to a lattice (G,E,A,H) for some E ∼=
(D10 × (A5 × A5) .2) .2 and H ∼= (A5 × J2) : 2 and some subgroup A < E of in-
dex 2. Then d = |H : A| = 24.32.7. Observe that |H| is not divisible by d(d − 1),
and so the action of H on the set of right cosets of A is not 2-transitive. Therefore
this lattice (if it exists) does not yield a 2-arc-transitive graph. This removes the
final pair, and completes the proof for G = Co1.
The remaining cases are proved in a similar manner. 
Proof of Theorem 1. This follows immediately from Propositions 2.1 and 3.1. 
4. Classical groups: faithful local action
In this section we prove Theorem 2. Throughout we assume that G = Aut(Γ) is a finite
almost simple classical group such that Gv acts faithfully on Γ(v). We begin by fixing
some notation. Let T = soc(G) be a finite simple classical group with natural module
V of dimension n over Fqδ of characteristic p, where δ = 2 if T is unitary and δ = 1
otherwise. For the notation of T and G we follow [15, § 2]: in particular, we let ΓLn(q
δ) be
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the semilinear group and PΓLn(q
δ) its projective version. To refer to outer automorphisms
of T we use the conventions of [3, § 1.7.1]: we denote by δ a diagonal automorphism, φ a
field automorphism and γ a graph automorphism (in the sense of the Dynkin diagram).
Aschbacher’s theorem [1] states that if X 6 G and G does not contain an exceptional
outer automorphism (in the case where T = PSp4(q) and q is even or T = PΩ
+
8 (q)) then
either X is contained in a member of an Aschbacher class Ci for some 1 6 i 6 8 or X ∈ C9.
Details of the structure of the Aschbacher classes can be found in [15, § 4]. In particular,
we note that if X ∈ C9 then X is an almost simple group such that soc(X) acts absolutely
irreducibly on the natural module V of G, and soc(X) is not contained in a member of Ci
for i = 1, 3, 5 or 8. This will be useful in the following lemma.
Lemma 4.1. Let G be a finite almost simple classical group with subgroups M and N
satisfying the following:
(1) M and N are almost simple, with soc(M) = A7 and soc(N) = A6;
(2) N maxG;
(3) soc(G) ≮ M ;
(4) soc(N) 6M .
Then soc(G) is isomorphic to PSU3(5),PSL4(2),PSL
ǫ
6(q) or PΩ
−
10(7).
Proof. Let T = soc(G) be as above. Also let X = soc(M) = A7 and Y = soc(N) = A6. For
a subgroup S 6 G 6 PΓLn(q
δ), denote by Sˆ 6 ΓLn(q
δ) the full preimage of S. Conversely,
for a subgroup S 6 ΓLn(q
δ) let S = S/
(
S ∩ Z(ΓLn(q
δ))
)
6 PΓLn(q
δ). Observe that
N/(N ∩ T ) 6 G/T which is soluble by the Schreier conjecture, and so T > Y . Similarly
T > X .
First suppose n 6 9. The maximal subgroups of G are listed in [3, Tables 8.1–8.59]. In
the case where Aschbacher’s theorem applies, we first prove that
if N ∈ C9 then M ∈ C9.(1)
Suppose M /∈ C9 for a contradiction. From the definition of C9 and the fact soc(N) 6M ,
we see that M is not contained in a member of Ci for i = 1, 3, 5 or 8. IfM is contained in a
member of C2 thenM preserves a subspace decomposition D of the form V = U1⊕· · ·⊕Ut
where dim(Ui) = m and n = mt. As Y acts absolutely irreducibly on V , Y is not contained
in the subgroup M(D) E M fixing each component Ui for 1 6 i 6 t, and so there exists a
homomorphism from Y intoM/M(D) 6 St such that the image of Y acts transitively on the
t components. As Y has no transitive action on 7, 8 or 9 points we must have n = t = 6.
But this yields a contradiction, as the only insoluble composition factor of a group in C2
in this case is A6.
Next supposeM is contained in a member of C4 or C7, so thatM preserves a decomposi-
tion D of the form V = U1⊗· · ·⊗Ut where dim(Ui) = ni for 1 6 i 6 t and n = n1n2 . . . nt.
The insoluble composition factors of groups in these classes are classical groups with nat-
ural modules of dimension at most 3. It follows from [15, Proposition 5.3.7] that t = 2,
and from the structure of M we have X and Y contained in the direct product of two
classical groups with natural modules of dimensions (n1, n2) = (2, 4) or (3, 3). In the first
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instance the projection of X onto the first factor must be trivial, and so X is contained
in the second factor. But this implies Y 6 X is reducible, a contradiction. In the second
case we have n = 9, and there exists no maximal subgroup N ∈ C9.
Finally consider the case where M is contained in a member of C6, the normalizer of
an extraspecial r-group for a prime r. Inspection of the tables in [3] shows that the only
insoluble composition factors of such groups containing Y are Sp6(2) and A8 in the cases
T = PSLǫ8(q) and PΩ
+
8 (q) respectively. However, neither of these cases has a maximal
subgroup N ∈ C9. This competes the proof of (1).
Using (1), we use the tables in [3] and find that T is listed above, taking care to inspect
the tables for exceptional isomorphisms involving almost simple groups with socle A6, such
as
A6 ∼= PSL2(9) ∼= PSp2(9)
∼= PSU2(9) ∼= Ω3(9) ∼= Sp4(2)
′ ∼= Ω−4 (3).
If there exists a maximal subgroup N with N /∈ C9 (such as in the case where T = PSU4(3)
and N ∈ C5) then MAGMA is often useful for showing that Y is not contained in an almost
simple group with socle A7.
Now suppose n > 10. Here Aschbacher’s theorem applies and so N lies in one of
C1, . . . ,C9. Either T = PSLn(q) and G contains a graph automorphism or G 6 PΓLn(q),
and so G acts on the set of subspaces of V .
We first prove that
N ∈ C9.(2)
We begin by noting that if S is a finite simple classical group with natural module of
dimension at least 5, then
|N | < |S|.(3)
First suppose N ∈ C1. If N stabilizes a decomposition V = U ⊕W with dim(U) =
m, dim(W ) = n−m and m > n
2
> 5 then by [15, Lemma 4.1.1] we have (Ω(U)× Ω(W )) 6
N ∩ T , contradicting (3). Therefore either N stabilizes a totally singular m-space, or
T = PSLn(q) and N stabilizes a pair of subspaces {U,W}, or T = PΩ
±
n (q), q is even and
N stabilizes a nonsingular 1-space. In the first two cases, [15, Propositions 4.1.17–4.1.22]
imply that N ∩ T is p-local, a contradiction. In the remaining case we have soc(N ∩ T ) ∼=
Spn−2(q) by [15, Proposition 4.1.7], again a contradiction. Hence N /∈ C1.
Next suppose that N ∈ C2, so that N stabilizes a decomposition V = U1 ⊕ · · · ⊕ Ut
where t > 2, dim(Ui) = m for 1 6 i 6 t and n = mt. By [15, Propositions 4.2.4–4.2.7,
4.2.9–4.2.11, 4.2.14–4.2.16], either N ∩T has a normal subgroup of index t! or N is of type
On
2
(q)2, and so we must have t = 2. The same results also imply that Ω(U1) 6 N ∩ T ,
contradicting (3) since m = n
2
> 5. Hence N /∈ C2.
We now consider N ∈ C3, so that N is of the form Clm(q
t) for some classical group and
prime t such that n = mt. By [15, Propositions 4.3.i, i=6,7,10,14,16,17], N ∩ T contains
a normal subgroup of index t, and so t = 2. However, the same results imply that N ∩ T
contains a classical group Cln
2
(q2), contradicting (3).
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Next suppose N ∈ C4, stabilizing a tensor product decomposition V = U ⊗ W with
dim(U) = n1, dim(W ) = n2 and n = n1n2. However, since N ∩ T is non-local we have
soc(N ∩T ) ∼= PΩ(U)′×PΩ(W )′ by [15, Lemma 4.4.9], a contradiction. Therefore N /∈ C4.
Now suppose N ∈ C5, so that N is of the form Cln(q
1
t ) for some classical group and
some prime t. Since N ∩T is non-local, by [15, Proposition 4.5.2] we have soc(N ∩T ) ∼= S
for some finite simple classical group S with natural module of dimension n, contradicting
(3). Hence N /∈ C5.
We next suppose N ∈ C6. However, [15, Propositions 4.6.5–4.6.9] imply that N ∩ T is
r-local for some prime r, a contradiction.
If N ∈ C7 then N stabilizes a tensor product decomposition V = U1 ⊗ · · · ⊗ Ut where
dim(Ui) = m for 1 6 i 6 t and n = m
t. However, [15, Lemma 4.7.1] implies that
soc(N ∩ T ) ∼= PΩ(U1)
′ × · · · × PΩ(Ut)
′, a contradiction. Hence N /∈ C7.
Finally consider the case N ∈ C8. Since N is non-local, [15, Lemma 4.8.1] implies that
soc(N ∩ T ) ∼= S for some finite simple classical group S with natural module of dimension
n, a contradiction. This proves N /∈ C8.
We therefore have N ∈ C9, and so we have proved (2).
From the description of C9 given in [15, § 1.2], Y (and therefore X) acts irreducibly on
V , and so Xˆ and Yˆ are irreducible. By [1, 33.3] we have Xˆ = Xˆ ′◦Z(Xˆ) and Yˆ = Yˆ ′◦Z(Yˆ ),
and so Xˆ ′ and Yˆ ′ act irreducibly on V . As Xˆ ′ and Yˆ ′ are perfect central extensions of
A7 and A6 respectively, Xˆ
′ ∼= A7, 2.A7, 3.A7 or 6.A7, and similarly Yˆ
′ ∼= A6, 2.A6, 3.A6 or
6.A6. Using [5] and [14], we find that the degrees of the irreducible representations of Xˆ
′
and Yˆ ′ with n > 10 only coincide for n = 10 or 15.
Using [3, Tables 8.60–8.69] for n = 10 and [28, Tables 11.0.17–11.0.22] for n = 15, a
similar proof to (1) shows thatM ∈ C9. We find that the only possibility is n = 10 and T =
PΩǫ10(q) (noting the exceptional isomorphisms listed above) with M 6 RmaxG,R ∈ C9
and soc(R) = PSp4(q),M22,A11 or A12. By [3, Theorem 4.3.3], Yˆ
′ only has an absolutely
irreducible representation of degree 10 preserving a quadratic form in characteristic p = 7
(and in this case there is a unique representation), and so from [3, Tables 8.67, 8.69] we
have ǫ = − and q = 7. This rules out the case soc(R) = A12. We can also discard the case
soc(R) = A11, as the 10-dimensional module for A11 is the deleted permutation module,
and the restriction to A7 is reducible. Therefore soc(R) = M22 or PSp4(7). In fact, in
both of these cases we have Y contained in a subgroup of soc(R) isomorphic to A7 by [3,
Propositions 4.9.60, 4.9.63, 6.2.13], and so we list T above. 
Proof of Theorem 2. As usual we follow the method outlined in Section 1 and classify
subgroup lattices L = (G,E,A,H) up to Aut(G)-conjugation, where G is an almost simple
classical group, EmaxG, A < E with |E : A| = 2 and A < H < G with T = soc(G) ≮ H .
Moreover, by Lemma 1.7, E and H are almost simple with soc(E) = A6, soc(H) = A7,
|H : A| = 7 and E 6= A6 or S6. Note that in order for A < H we must have A ∼= A6 or S6.
Also, from (1) of Lemma 4.1, if E ∈ C9 then we must have H ∈ C9. For each lattice L,
we consider the coset graph Γ obtained from L. Clearly G 6 Aut(Γ), and so to determine
if G is the full automorphism group it suffices to check [18]. By construction and Lemma
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1.7, Γ is edge-primitive and 3-arc-transitive with automorphism group G, and we list the
lattice L in Table 2.
Let G be an almost simple classical group with socle T , and suppose G contains sub-
groups E,A and H as above. Observe that E and H satisfy the hypotheses of Lemma 4.1,
and therefore T = PSU3(5),PSL4(2),PSL
ǫ
6(q) or PΩ
−
10(7). Since PSL4(2)
∼= A8, this case
is eliminated by Theorem 1.
First suppose T = PSU3(5). By [3, Tables 8.5–8.6] we have T 6 G 6 T.2, where T.2 is
an extension by a graph automorphism, and there are unique Aut(T )-classes of subgroups
E and H of G such that soc(E) = A6, soc(H) = A7 and EmaxG (here E and H ∈ C9
and HmaxG). Using MAGMA we find that, for both G = T and G = T.2, there exists a
unique subgroup A < E of index 2 such that A < H0 < G where H0 is Aut(T )-conjugate
to H . Therefore we have a single lattice, and this yields an edge-primitive 3-arc-transitive
graph Γ with automorphism group containing G = T.2. By [18], G is indeed the full
automorphism group, and so we have a lattice as listed in Table 2. The associated graph
is the Hoffman-Singleton graph.
Next suppose T = PΩ−10(7). By [3, Tables 8.68, 8.69] we have T.2 6 G 6 T.2
2 where
T.22 = T.〈γ, δ′〉 = PO−10(q) and T.2 6= T.〈δ
′〉. There are unique Aut(T )-class of subgroups
E and H of G such that soc(E) = A6, soc(H) = A7, EmaxG and soc(E) < H (here
E ∈ C9, and the result for H follows from [3, Theorem 4.3.3]). Since (E ∩ T ) .2maxT.2
the graph is T.2-edge-primitive. We have (E ∩ T ) .2 ∼= PGL2(9) or M10, and from the
proof of Lemma 4.1 we have (A ∩ T ) .2 = soc(E) contained in a subgroup H0 ∼= A7 that is
Aut(T )-conjugate to (H ∩ T ) .2. From [3, Propositions 4.9.60, 6.2.13], H0 < M22∩PSp4(7)
where M22maxT and PSp4(7)maxT . We therefore have a single lattice, and this yields
an edge-primitive 3-arc-transitive graph Γ with T.2 6 Aut(Γ). The lattice extends to
G = T.22 with E = Aut(A6), A = S6 = (E ∩ T ) .〈δ
′〉 and H = S7 6 PSp4(7).2maxT.〈δ
′〉,
and by [18] this is the full automorphism group of Γ.
Finally we consider the case where T = PSLǫ6(q). This case is more involved, as by [3,
Tables 8.24–8.27] we see that there are infinitely many values of q such that G contains
almost simple subgroups E and H with soc(E) = A6, soc(H) = A7 and EmaxG. We shall
work in the quasisimple group with T = SL6(q). First suppose ǫ = +. There are at most
two Aut(G)-classes of subgroups EmaxG with soc(E) = A6, depending on if q = p or
q = p2 and the value of q (mod 48). For each class, we consider if E has a subgroup of
index 2 contained in some almost simple group H as above.
We first note that, from [3, Theorem 4.3.3], absolutely irreducible representations of
quasisimple groups of type A7 in dimension 3 only occur in characteristic 5. Therefore, if
we have E,A and H as above (in the quasisimple group) and H 6 (q− 1, 6) ◦ SL3(q) ∈ C9
then by the conditions on the maximality of E we have q = 25 and E∩T = 6·A6. However,
faithful representations of E have centre of order 1 or 3, and so this yields a contradiction.
Therefore H ≮ (q − 1, 6) ◦ SL3(q).
First suppose E ∩ T = 2 × 3·A6.23 is of novelty type N1 as in [3, Table 8.25] so that
q = p ≡ 1 (mod 24). Then G = T.2, an extension of G by a graph automorphism,
E = 2 × 3·A6.2
2 and A = 2 × 3·A6.21 = 2 × 3
·S6. Therefore A ≮ T and so H ≮ T .
Therefore the only possible maximal overgroups of H are 61.PSU4(3).21. However, from
19
[5] we have S7 ≮ PSU4(3).21, a contradiction. Therefore this case does not give rise to a
lattice.
The proof where E∩T = 2×3·A6.23 is a novelty of type N2 is very similar, and so we now
consider the case where E ∩ T = 2× 3·A6 is of type N3. In this case q = p ≡ 7 (mod 24),
and either G = T.〈δ3, γ〉 or p ≡ ±2 (mod 5) and G = T.〈γ〉. First suppose G = T.〈δ3, γ〉,
so that E = 2 × 3·Aut(A6) and A = 2 × 3
·S6 = (E ∩ T ) .〈δ
3γ〉. The only possibility
is A < H 6 6·1PSU4(3).2
2maxG, and indeed this chain exists (with H ∼= 2 × 3·S7) by
[3, Propositions 4.8.9, 4.8.12]. There is a unique Aut(T )-class of absolutely irreducible
representations of 3·A7 by [3, Theorem 4.3.3], and so this yields a single lattice which
we add to our table. This gives rise to an edge-primitive 3-arc-transitive graph Γ with
automorphism group G, and Γ is the spread of an edge-primitive vertex-primitive graph
with vertex-stabiliser PSU4(3).2
2 and the same automorphism group and edge-stabiliser.
The case with p ≡ ±2 (mod 5) gives the same result.
The case where E is novelty of type N4 is dealt with in a similar manner, and so we now
consider the case where E ∩ T = 6·A6 is of novelty type N1. Here q = p ≡ 1, 31 (mod 48)
and G = T.2 is an extension of T by a graph automorphism. We have E = 6·A6.22 and
A = 6·A6 = E ∩ T . From [3, Proposition 4.8.8], A < 6
·A7maxT , and this is the only
possibility for H . We therefore have a lattice as desired, yielding a coset graph Γ. In this
case G is the full automorphism group of Γ by [18]. We therefore list the lattice in Table
2.
The proofs for the remaining Aut(T )-classes of subgroups E of G are very similar (using
[3, Propositions 4.8.8, 4.8.12]), and the results are listed in Table 2.
The case T = PSU6(q) is almost identical to the proof in the linear case. 
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